
VII.3 The Künneth formula for cohomology

16. (Künneth formula for cohomology)
(1) Algebraic Künneth formula
If C∗(or D∗) is free cochain complex over PID R, then there exists a natural
s.e.s

0→
⊕

p+q=n

Hp(C∗)⊗Hq(D∗)→ Hn(C∗ ⊗D∗)→
⊕

p+q=n+1

Hp(C∗) ∗Hq(D∗)→ 0

{a} ⊗ {b} 7→ {a⊗ b}

which splits if both are free.
(This follows from algebraic Künneth formula since C∗ can be viewed as a chain
complex by letting Cn = C−n and homology of this is the cohomology of C∗,
i.e., H−n(C−∗) = Hn(C∗).)

(2) Note.
(i) C free ; C∗ free in general.

(Hom(⊕Aα, R) =
∏

Hom(Aα, R))
(ii) S∗(X × Y ) '

EZ
(S(X)⊗ S(Y ))∗ À S(X)∗ ⊗ S(Y )∗

We get around these difficulties by finite approximation of C.

(iii) δ in C∗ ⊗D∗ is defined as before:

δ|Cp⊗Dn−p = δ ⊗ 1 + (−1)p(1⊗ δ)

(3) α
D
' α′ : C → D, chain homotopic ⇒ α⊗ 1

D⊗1
' α′⊗ 1 : C ⊗A → D⊗A for

all chain complex A
(Exercise. Check this)

(4) C
α
' D ⇒ C∗

α̃
' D∗ and C ⊗ A

α⊗1
' D ⊗A.

(5) C(or D) : free and finite type, i.e., each Cp is finitely generated. Then

C∗ ⊗D∗ ∼= (C ⊗ D)∗

α⊗ β 7→ ”α× β”, where α× β(c⊗ d) = α(c)β(d)

��������� Show for C, D : R-module first.
If D = R, C∗ ⊗R∗ = C∗ ⊗R = C∗ = (C ⊗R)∗.

If D is finitely generated and free, D =
⊕

finite

R
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⇒ C∗ ⊗D∗ = C∗ ⊗ (
⊕

R)∗ = C∗ ⊗ (
⊕

R∗) =
⊕

C∗ ⊗R∗ =
⊕

(C ⊗R)∗

= (
⊕

C ⊗R)∗ = (C ⊗
⊕

R)∗ = (C ⊗D)∗

Show for chain complex :

(C∗ ⊗D∗)n =
⊕

p+q=n

(Cp ⊗Dq) ∼=
⊕

p+q=n

(Cp ⊗Dq)
∗ = (

⊕

p+q=n

Cp ⊗Dq)
∗

= ((C ⊗ D)n)
∗ = (C ⊗ D)n = ((C ⊗ D)∗)n

Remark. (i) In general,

C∗ ⊗D∗ → (C ⊗ D)∗

a⊗ b 7→ a× b

is a chain map and δ(a× b) = δa× b+ (−1)pa× δb, a ∈ Cp.
∵ δ(a× b)(x⊗ y) = a× b(∂(x⊗ y))

= a× b(∂x⊗ y + (−1)|x|x⊗ ∂y)
= a(∂x)b(y) + (−1)|x|a(x)b(∂y)
= δa(x)b(y) + (−1)|x|a(x)δb(y)
= (δa× b+ (−1)|x|a× δb)(x⊗ y)

and (−1)|x|a× δb(x⊗ y) is nonzero only when |x| = p.
Now

a⊗ b
Â //

_

δ
²²

ª

a× b_

δ
²²

δa⊗ b+ (−1)pa⊗ δb Â // δa× b+ (−1)pa× δb

(ii) α, β : cocycles ⇒ α× δγ = ±δ(α× γ) and similarly δγ × β = ±δ(γ × β).
Therefore the cohomology cross product

H∗(C)⊗H∗(D)
×

// H∗(C ⊗ D)

{a} ⊗ {b} = α⊗ β Â // α× β = {a× b}

is well-defined.

(6) (finite approximation) C : free over PID. H(C) : finite type.

⇒ ∃ C : free and finite type such that H(C)
∼=
→ H(C).��������� Consider the exact sequences
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0 // B // Z // H(C) // 0

0 // Z // C // B // 0 , Bp = Bp−1.

Since H(C) is of finite type, there exist finitely generated Z ′ and B′ = kerp
such that

0 // B′

ª
²²

// Z ′

ª

p
//

²²

H(C) // 0

0 // B // Z
p

// H(C) // 0

and let C = Z ′ ⊕B
′
and φ =

(
∗ 0
0 ∗

)
. Then

0 // Z ′

ª

//

²²

C
ª

//

²²

B
′ //

²²

0

0 // Z // C
∂ // B // 0

⇒ φ : C → C is a chain map and φ∗ : H(C) ∼= H(C) from the construction.

(7) Let C(or D) be free over PID and H(C)(or H(D)) be of finite type.
⇒ There exists a finite approximation C(or D) : free
⇒ C

∗
(or D

∗
) : free

By (1),

0→
⊕

p+q=n

Hp(C
∗
)⊗Hq(D∗)→ Hn(C

∗
⊗D∗)→

⊕

p+q=n+1

Hp(C
∗
) ∗Hq(D∗)→ 0

Since C and C has the same homology, C ' C.1

Therefore by (4) and (5), algebraic Künneth formula for cohomology is

If C(or D) is free chain complex over PID R and H(C) (or H(D)) is of finite
type, then there exists a natural s.e.s

0→
⊕

p+q=n

Hp(C∗)⊗Hq(D∗)→ Hn((C ⊗ D)∗)→
⊕

p+q=n+1

Hp(C∗) ∗Hq(D∗)→ 0

which splits if C and D are free and H(C) and H(D) are of finite type.

1see earlier theorem about mapping cone construction in the chapter of cohomology(IV.1)
or Munkres, Elements of algebraic topology, p.279, theorem 46.2
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(8) Let C = S(X,A) and D = S(Y,B).
Then

S(X,A)⊗ S(Y,B) '
rel. EZ

S(X × Y )/S(X ×B ∪A× Y ) =: S((X,A)× (Y,B)).

By (7), we have relative Künneth formula for cohomology over PID:

0→
⊕

p+q=n

Hp(X,A)⊗Hq(Y,B)
×
→ Hn((X,A)× (Y,B))→

⊕

p+q=n+1

Hp(X,A) ∗Hq(Y,B)→ 0

natural if H(X,A)(or H(Y,B)) is of finite type, and splits if both are of finite
type.2

17. (Cross and Cup product)

(1) S(X × Y )
φ

'
// S(X)⊗ S(Y ) any chain homotopy equivalence.

⇒ S∗(X × Y ) (S(X)⊗ S(Y ))∗
φ̃

'
oo S∗(X)⊗ S∗(Y )roo

a× b r(a⊗ b) = ”a× b”Âoo a⊗ b
Âoo

Let
ζ = {x}, x ∈ Zp(X) α = {a}, a ∈ Zr(X)
η = {y}, y ∈ Zq(Y ) β = {b}, b ∈ Zs(Y ).

Then 〈ζ × η, α× β〉 = 〈ζ, α〉〈η, β〉.���������
〈ζ × η, α× β〉 = 〈φ−1∗ {x⊗ y}, φ∗{r(a⊗ b)}〉

= 〈{x⊗ y}, {r(a⊗ b)}〉
= 〈x⊗ y, r(a⊗ b)〉
= a(x)b(y)
= 〈x, a〉〈y, b〉
= 〈ζ, α〉〈η, β〉

(2) Take φ = A : AW-diagonal approximation

X X × Y
p2 //

p1oo Y

2 	�
�������������������! " # natural $&%('�)+*-,.0/2123�45768 9;:-<=?>@BA �DC�EF�GH *-,.0/2123�45JI �LK��NM2OP , split $&%Q'�)*-,.R/21-3�4568 90SLTUWVYXZ\[ 1 	�
^]_a`bdc�ef [ 1Yg-1 .
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Then α× β = p∗1α ∪ p
∗
2β.

In fact, this holds on chain level : a× b = p]1a ∪ p
]
2b.��������� For any ω ∈ Sn(X × Y ), let σ = p1]ω and τ = p2]ω.

〈(σ, τ), a× b〉 = 〈(σ, τ), φ̃(r(a× b))〉
= 〈φ(σ, τ), r(a× b)〉
φ=A
= 〈

∑

k+l=n

σλk ⊗ τρl, r(a× b)〉

=
∑

k+l=n

〈σλk, a〉〈τρl, b〉

= 〈σλp, a〉〈τρq, b〉 if a ∈ Sq(X), b ∈ Sq(Y )
= 〈p1](σ, τ)λp, a〉〈p2](σ, τ)ρq, b〉

= 〈(σ, τ)λp, p
]
1a〉〈(σ, τ)ρq, p

]
2b〉

= 〈(σ, τ), p]1a ∪ p
]
2b〉

(3) Let ∆ : X → X ×X be the diagonal map.
Then ∆](a× b) = a ∪ b. So that ∆∗(α× β) = α ∪ β.���������

∆](a× b) = ∆](p]1a ∪ p
]
2b)

= ∆]p]1a ∪∆]p]2b

= a ∪ b (∵ ∆]p]1 = (p1∆)] = id)

(4) (α ∪ β)× (γ ∪ δ) = (−1)|β||γ|(α× γ) ∪ (β × δ)���������
(α ∪ β)× (γ ∪ δ) = p∗1(α ∪ β) ∪ p

∗
2(γ ∪ δ)

= p∗1α ∪ p
∗
1β ∪ p

∗
2γ ∪ p

∗
2δ

= (−1)|β||γ|p∗1α ∪ p
∗
2γ ∪ p

∗
1β ∪ p

∗
2δ

= (−1)|β||γ|(α× γ) ∪ (β × δ)

(5) Slant product
c ∈ (S(X)⊗ S(Y ))p+q, x ∈ Sp(X).
Define c/x ∈ Sq(Y ) by the formula

〈y, c/x〉 := 〈x⊗ y, c〉
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Then δ(c/x) = (−1)p(δc/x− c/∂x).���������
〈y, δ(c/x)〉 = 〈∂y, c/x〉

= 〈x⊗ ∂y, c〉
= (−1)p{〈∂(x⊗ y), c〉 − 〈∂x⊗ y, c〉}
= (−1)p{〈y, δc/x〉 − 〈y, c/∂x〉}

This implies that we have a well-defined slant product on homology :

Hp+q(X × Y )⊗Hp(X)→ Hq(Y )
γ ⊗ ξ 7→ γ/ξ

hi jlk�m 33. npoDqr sutv wyxr{z�|�}~�� o�+o .
(6) (ξ × η) ∩ (α× β) = (−1)|β|(|ξ|−|α|)(ξ ∩ α)× (η ∩ β)
(Use slant product and ∆.)

(7) {(α× β) ∪ γ}/ξ = (−1)|β|(|α|−|ξ|)β ∪ (γ/ξ ∩ α)
(Use AMT as in 13. note.)
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